Microorganisms must approach other suspended organisms or particles in order to interact with them during a host of life processes including feeding and mating. Microorganisms live at low Reynolds number where viscosity dominates and strongly affects the hydrodynamics of swimmer and nearby cells and objects. Viscous hydrodynamics makes it difficult for two surfaces to approach closely at low Reynolds numbers. Nonetheless, it is observed that microorganisms in fluid are still able to approach closely enough to interact with each other or suspended particles. Here, we study how the physical constraints provided by viscous hydrodynamics affects the feasibility of direct approach of flagellated and ciliated microorganisms to targets of different sizes. We find that it is feasible for singly flagellated swimmers to approach targets that are the same size or bigger. On the other hand, for squirmers, the feasibility of approach depends on near-field flows that can be controlled by the details of their swimming strokes.
Introduction
Microorganisms live in viscous environments in which they interact with other organisms for genetic exchange, mating and colonization, as well as interact with other nearby passive and active particles that are prey or nutrient sources (Lauga & Powers 2009 ). These interactions are crucial for enhancing populations, establishing a community during colonization, biofilm formation and microbe-host interactions (Braga, Dourado & Araújo 2016) . Many of these interactions require inducing near contact between the microorganism and target (either another microorganism or a particle) in a viscous flow, and can involve a wide range of swimmer and target particle sizes. For example, during feeding the size of prey is generally much smaller than the predator (Hansen, Bjornsen & Hansen 1994; Kiørboe et al. 2009; Riisgård & Larsen 2010; Kiørboe 2016; Johnke et al. 2017; Sommer et al. 2017) . However, during bacterial conjugation (Griffiths et al. 2000) , zooplankton mating (Strickler 1998; Kiørboe 2007) or colonization an organism approaches another member of the same species of similar size. Approach to larger targets also occurs during fertilization of an egg by sperm (Moreno et al. 2011) or when bacteria find new habitats by approaching marine snow, small biological debris which provides a local nutrient source and habitat in the ocean (Kiørboe et al. 2003; Grossart et al. 2006) .
The microorganisms we study live at low Reynolds number (10 −5 -10 −1 ) where there is a thick boundary layer of fluid that moves together with their moving body or appendages. This hydrodynamic boundary layer plays an important role in the hydrodynamic interactions of a swimmer and other particles, and makes it difficult to closely approach target particles. For example, when a copepod feeds on a particle, the movements of its appendages induce hydrodynamic flows that tend to push or pull the particle in concert with the appendage (Koehl & Strickier 1981) , and due to the kinematic reversibility of flows at low Reynolds number it is difficult for the copepod to easily move the particle closer to its mouth.
Small target particles near a swimming microorganism are often assumed to follow streamlines of the flow induced by the swimmer in the absence of other particles. However, understanding approach to similarly or larger-sized particles, or understanding very close approach to particles of any size, requires incorporating the hydrodynamic interactions between the microorganism and target. Although microorganisms (including their appendages) and targets can have complex shapes, physical insight into their hydrodynamic interactions can be gained by considering analytically tractable geometries such as approaching spheres. The exact solution for the motion of two spheres translating with the same velocity along their common diameter was first developed by Stimson & Jeffery (1926) . The special case of a sphere approaching a solid plane was extensively studied (Brenner 1961; Cox & Brenner 1967) for both large separations and close to contact. Later, Ishikawa, Simmonds & Pedley (2006) analytically calculated the interaction of two spherical 'squirmer' swimmers, both in the limit of small separation using lubrication theory, and in the limit of large separation using a multipole expansion, then compared their results with numerical (boundary element method) simulations. Potomkin et al. (2013) discuss the collision (i.e. physical contact) of microswimmers with different boundary conditions in a viscous fluid. They show that with no-slip boundary conditions collisions between two swimmers are impossible in finite collision times, while with slip boundaries collisions can occur within finite times. Li, Ostace & Ardekani (2016) numerically investigate the inertial effects on hydrodynamic interaction of squirming organisms and show that these inertial effects greatly affect the interaction of organisms. More recently, Shaik & Ardekani (2017) discuss the motion of squirmer microorganisms near weakly deformable interfaces using the method of reflections. Papavassiliou & Alexander (2017) also found an exact solution for the hydrodynamic interactions of two squirmers, and provide exact solution for specific cases when the squirmer sphere is close to a solid or free surface to study hydrodynamic interactions of swimmers in confined boundaries.
In this paper, we investigate the physical constraints placed by viscous hydrodynamics on organisms approaching passive target particles. We first review the exact solution for two spheres with no-slip boundaries in a bispherical coordinate system described in Stimson & Jeffery (1926) . As a simple example of hydrodynamic constraints on approach, in § 2 we modify this solution for the case when the two spheres have different velocities and one sphere is pushed by a constant, localized propulsion force towards the other sphere which is a neutrally buoyant (force-free) target. To show that the physical insights from this model also apply to swimmers, in § 2.2 we validate a numerical method for studying close approach and use it to study a singly flagellated swimmer with spherical cell body approaching a spherical target. For both of these cases with localized propulsion, we find that approach is feasible
Relation between the bispherical coordinate system (ξ , η, φ) and cylindrical coordinate system (z, ρ, φ). The axisymmetric φ coordinate is rotation about the z-axis. (b) Spherical swimmer with radius r s is pushed by a constant force (F = F sẑ = −Fẑ) toward a force free spherical target particle with radius r t . The surface-to-surface separation distance of the swimmer and particle is d and surfaces with constant ξ describe spheres in bispherical coordinate system for the swimmer (ξ = α > 0) and target (ξ = β < 0).
when the target is of similar or larger size than the swimmer, but much less feasible for smaller size targets. Finally, to study organisms with distributed propulsion, in § 3 we provide results from exact solutions for a spherical squirmer approaching a no-slip target sphere in the bispherical coordinate system. We find that swimmers with distributed propulsion mechanisms can generate currents during swimming that allow them to approach smaller as well as larger targets, with differences in the currents and approach feasibility controlled by details of the swimmer's stroke.
Approach with localized propulsion
2.1. Analytical model for approaching spheres -localized propulsion We developed an analytical model for the approach of two spheres along their centreline in Stokes flow. The spherical swimmer is assumed to be pushed toward a force-free suspended spherical target particle by a constant force F along their common centreline (figure 1b). Although swimming microorganisms should be considered force free, as we show in § 2.2, this simple model has similar qualitative features to a force-free swimmer with a single localized propulsion element, with the constant force corresponding to the localized thrust on the body provided by the element. Note that the 'swimming' sphere could also be a model for an appendage or a portion of an organism, in which case the constant force would describe the force exerted on it by the rest of the organism. Also, note that a number of real organisms do have roughly spherical geometries, such as Opalina and Volvox (Ishikawa et al. 2006) .
Our solution is based on finding the Stokes streamfunction in the bispherical coordinate system (figure 1a) for an axisymmetric Stokes flow around the spheres. Stimson & Jeffery (1926) found the solution for spheres translating along their common centreline with the same velocities. Here, we straightforwardly extend their solution so that spheres can have different velocities during their interactions along their centreline. The details of our solution are described in appendix A. As expected from Stokesian dynamics, the velocities are linear in the forces on each sphere and are related by the resistance matrix ([F s ; F t ] = R[V s ; V t ]). For our model, we are interested in the approach dynamics when the swimmer is pushed by a constant propulsion force (F = F sẑ = −Fẑ) towards the target, and the target has zero force (F t = 0). Note that for given sphere sizes, the resistance matrix R depends on the separation of spheres and must be recalculated at each time during their approach. Inverting R, we solve for the sphere velocities at each time step, and integrate to find sphere trajectories assuming an initial separation d 0 .
The no-collision paradox indicates that it would take infinite time for the swimmer to physically contact the target particle in a viscous flow (Potomkin et al. 2013) . However, since organisms can get close enough to interact, rather than using a criterion of physical contact (d = 0), we arbitrarily choose a cutoff and deem a separation of a hundredth of the swimmer radius (d = 0.01r s ) as 'close enough' approach. Physically, the idea is that at shorter distances (e.g. 0.01r s ≈ 10 nm for a bacterium) non-hydrodynamic interactions such as electrostatic, van der Waals or biochemical bonding, will become important and take over to enable predation, capture or adhesion. Typical approach trajectories, separations and velocities are shown in figures 2(a,b) for the same size of the swimmer and target particle (r = 1). We set the initial separation of the swimmer and target spheres to be 10 times of the swimmer radius for all calculations (d 0 = 10r s ). For large separations (i.e. at early times), the swimmer easily gets closer to the target particle at a rate corresponding to its interaction-free swimming speed V 0 = F/(6πµr s ) (given by the Stokes drag formula for an isolated sphere), but when the swimmer gets closer to the target, hydrodynamic interactions push the target away from the swimmer and the target velocity approaches the swimmer velocity as the separation decreases. Accordingly, the rate of decrease of the separation distance d also decreases. We can delineate a highly hydrodynamically interacting regime when the approach velocity is less than half the initial value (dotted vertical line in figure 2), which starts to occur at a separation distance of approximately the size of the swimmer.
To characterize the feasibility of approach, we measure the total distance S necessary for the swimmer to travel before approaching within the cutoff separation (d = 0.01r s ). Unlike measures such as time of approach, the total distance S is a kinematic parameter which does not depend on the input power (or external force F s ) of the swimmer. The results are shown in figure 3(b) for different target : swimmer size ratios (blue line and square symbols). For target particles of similar size or larger than the swimmer, the swimmer does not have to travel much more than the initial distance d 0 (for r t /r s = 10, S = 1.04d 0 and for r t /r s = 1, S = 1.53d 0 ) since the target does not move much, and approach is feasible. On the other hand, for smaller targets, the target is pushed away by a significant amount and the swimmer has to travel farther (up to approximately 8× the initial separation distance), so approach is less feasible.
These results suggest that swimmers using localized propulsion can directly approach similarly sized objects, which happens during mating or conjugation. In addition, such swimmers can approach much bigger particles, which happens when bacteria approach marine snow to find new environments (r t /r s 10-100), or sperm fertilizes an egg (r t /r s ≈ 20 for humans (Alberts et al. 2002) ). However, they may have trouble directly approaching or manipulating particles that are small compared 
FIGURE 2. (Colour online) (a) Typical trajectory and separation of the swimmer and target particle over time for r s /r t = 1. (b) Velocities of the swimmer and target particle and the rate of change of the separation normalized by the interaction-free swimming speed V 0 = F/(6πµr s ). The particle starts to move with small velocity at the initial separation of d 0 = 10r s , the target moves with small velocity, but when the separation is less than about the swimmer size (vertical dashed line), hydrodynamic interactions cause the target to move away from the swimmer, so the rate of change of separation decreases.
to the swimmer size, which happens in feeding processes (e.g. r t /r s ≈ 0.05 for a copepod feeding on zooplankton). If the appendages are used to approach a target, those appendages should be of similar size or smaller than the target. For example, during conjugation a much smaller pilus can extend between two bacteria.
Numerical model for flagellated microswimmers -localized propulsion
The results of the previous section suggest how hydrodynamic interactions may place constraints on the ability of microorganisms to closely approach other particles. However, unlike real microswimmers, the swimmer model we used was not force and torque free. In this section, we numerically examine the approach of a singly flagellated force-and torque-free microswimmer toward a suspended target particle to confirm that the physical conclusions from the simple model remain valid.
We model hydrodynamic contributions of the spherical cell body and target particle by the boundary element method ( contributions of the slender flagellum by slender body theory (SBT) (Higdon 1979) . The details and formulation of the numerical method are described in appendix B.
To validate our numerical method, we compare numerical results for a sphere pushed by an external force without a flagellum towards a target sphere (figure 3b -green triangles) with the analytical solutions from § 2 (figure 3b -blue squares). Relative to the exact solutions, we find 1 % average errors for the numerics arising from discretization and quadrature. The error is less than 2 % for size ratios bigger than 0.01, while it is approximately 7 % for the smallest size ratio of 0.001.
We compare the travel distance needed for the swimmer to approach within the cutoff distance d = 0.01r s of the target particle for the single-flagellated swimmer and constant force case in figure 3(b) (red diamond). The comparison shows that both cases have qualitatively the same trend -for small target spheres, a swimmer must move very far to catch the target particle, but for similar size or larger targets, the swimmer does not need to move much farther than the initial separation distance. Quantitatively, the difference between these two cases is an approximately constant factor of 10-15 % in travelled distance for the swimmer. Thus, for the purposes of approach, one can model a flagellated swimmer with localized propulsion as a body pushed by constant force. The simple physical explanation for this is that the slender flagellum rotates behind the cell body and most of the hydrodynamic interactions are between the cell body and the target rather than the flagellum and the target. Note that this also implies that varying the geometry of the flagellum will not have large effects on the travel distance S.
Approach with distributed propulsion
The previous results model microorganisms that swim using localized propulsion methods, such as a single flagellum, and suggest that approach towards smaller target particles such as prey is less feasible. However, many zooplankton use distributed propulsion generated by numerous appendages or cilia, and these organisms have been observed to feed by capturing prey using feeding currents. For instance, paramecia use beating cilia to capture food particles and transport these particles to their mouths (Balazs et al. 2014) . This suggests that the use of distributed flow sources such as cilia provides a way for microorganisms to evade the viscous constraint on direct approach seen for localized thrust. Thus, we next investigate the approach towards target particles by microorganisms propelled by cilia, which might be viewed as the limit of maximally distributed propulsion.
3.1. Analytical model for approaching spheres -distributed propulsion The swimmer and target particle are assumed to be spheres, but to model the ciliated microorganisms, we use a squirmer model in which cilia are replaced by a progressive waving envelope. The velocity boundary condition on the surface of the sphere can be defined by an infinite series of Legendre functions (Blake 1971 ), but here we employ simplified boundary conditions, used by many researchers (e.g. Ishikawa et al. 2006; Molina, Nakayama & Yamamoto 2013 ) that neglect radial displacement of the boundary and consider only tangential velocities of the boundary of the squirmer sphere. In spherical coordinates (when the origin of the coordinate system is in the centre of the sphere) the tangential velocity at the surface is
while u r and u φ are both zero. Here we consider only three modes parameterized by B 1 , B 2 , B 3 . The parameter B 1 is associated with a source dipole and determines the swimming velocity of the isolated squirmer given by U = 2B 1 /3. The parameter B 2 is associated with the stresslet around the swimmer and thus the B 2 mode dominates far-field flow generated by the swimmer (Batchelor 1970; Ishikawa et al. 2006) . For this reason many past studies have only included the B 1 and B 2 modes (B 3 = 0), and we study this case first. However, all modes can have similar magnitude near the sphere (as seen in boundary condition equation (3.1)), and so we also consider cases with non-zero third mode B 3 to examine how changes to the near-field structure of the flow can impact approach. Thus for our studies, we specify the boundary condition using two dimensionless parameters γ 2 = B 2 /B 1 and γ 3 = B 3 /B 1 , where the squirmer parameter γ 2 determines whether the swimmer is a pusher (γ 2 < 0), puller (γ 2 > 0) or neutral (γ 2 = 0). We report results in terms of kinematic parameters that do not depend on the scale set by the value of B 1 . The flow fields around isolated squirmers are plotted in figure 4 for the pusher and puller types. We assume that a force-free spherical squirmer with radius r s is approaching a forcefree spherical target particle with radius r t as shown in figure 5. We find the analytical solution using bispherical coordinate system by extending the approach used in § 2 for boundary conditions given by (3.1). The details of the exact solution are given in appendix C. The force-free spherical 'squirmer' swimmer (right sphere) with radius r s approaching a force-free spherical target (left sphere) with radius r t . For the target sphere, no-slip boundary conditions are imposed. For the squirmer sphere, tangential velocity u θ is imposed and u r = 0. Note that U = Uẑ and V = Vẑ, but in our calculations U < 0 and V < 0, so we draw the vectors in the −ẑ direction.
In figure 6 , we plot the total distance ( S) that the swimmer needs to travel before approach to within 0.01r s of the target particle starting from an initial separation of 10r s . For comparison we include the results for the swimmer sphere pushed by constant force from figure 3(b). In figure 6 , The results for the swimmer with only two modes of the surface boundary conditions B 1 and B 2 (γ 3 = 0) show that for pullers (γ 2 > 0), the swimmer must travel at most 1.18 (for r t /r s = 0.001, γ 2 = 0) times the initial separation, and often less than the initial separation for larger γ 2 . Therefore, approach by pullers to target particles is feasible no matter the target size. Pushers with −0.5 γ 2 < 0 show similar behaviour. However, pushers with γ 2 −1 must travel more than three times the initial separation distance, with stronger pushers travelling larger distances to approach the target closely. Therefore, in the context of approach, the behaviour of pusher-type squirmers depends on the strength of the squirmer parameter. Weak pushers (0 > γ 2 > −1) can approach any size target particles, while stronger pusher-type squirmers (γ 2 < −1) can have difficulty approaching smaller target particles. In fact, as shown in inset of figure 6, for strong enough pushers (γ 2 < −2) the minimum approach distance d min remains larger than the cutoff d = 0.01r s even for targets which are larger than the swimmer; hence approach is completely infeasible for strong pushers. In the limit r t /r s → 0, the minimum approach distance d min corresponds to the position where the radial velocity field on the centreline (θ = 0) of the isolated swimmer is zero in the swimmer frame, i.e. the stagnation point. These results for squirmers can be understood in terms of the flow fields generated while swimming. Pullers generate currents that advect particles in front of the swimmer inwards similar to feeding currents. A typical flow field around a puller and target particle is shown in figure 7(b) . The strength of these currents is controlled by the squirmer parameter (γ 2 ) and total travelled distances are smaller for the strong currents produced by larger values of γ 2 . On the other hand, pushers tend to generate currents that advect particles in front of the swimmer away from the swimmer, hindering approach. A typical flow field for a pusher with γ 2 = −1 and a target particle is shown in figure 7 . Whether or not the current overcomes the swimming translation of the squirmer depends on the magnitude of the (negative) squirmer parameter γ 2 .
FIGURE 7. (Colour online) Typical flow fields (blue arrows) and streamlines (coloured lines) around a squirmer interacting with a target sphere. (a) A pusher (γ 2 < 0) generates a current that moves the target away from the swimmer, hindering the approach process, while (b) a puller generates a current that moves the target toward the swimmer, helping the approach process. The strength of the current for both cases depends on the value of the squirmer parameter (γ 2 ).
While the B 3 mode decays spatially more quickly compared to the B 2 mode, it can still be important when the surfaces of the swimmer and target are close. We investigate the effect of the B 3 mode on approach to understand how approach is affected by details of the swimming stroke through the near-field flow. In figure 8 , we plot the distance S required by the swimmer to approach to the different sizes of the target particles considering B 3 mode. This mode can greatly affect approach dynamics. For γ 3 = 1, only pullers (γ 2 0) can approach any sizes of targets while approach for pushers is feasible only for larger targets (figure 8a). For γ 3 = −1, approach for pullers is feasible and only weak pushers with 0 < γ 2 −5 can approach to any target sizes (figure 8b). In general, B 3 mode with γ 3 > 0 hinders the feasibility of approach for both pushers and pullers, while γ 3 < 0 helps them to approach targets. We can find a value for γ 3 such that the approach is feasible for any kind of pusher or puller (γ 3 = −20, figure 8c) or approach is totally infeasible throughout the range of squirming parameters investigated (γ 3 = 20, figure 8d) .
These results show that while the B 3 mode spatially decays faster than B 2 mode, by affecting the near-field flow, it can strongly affect the feasibility of approach. Typical flow fields around the swimmer and a target sphere are shown in figure 9 for different strengths of B 3 mode. Comparing the flow field around the swimmer and a target sphere with (figure 7) and without ( figure 9 ) B 3 mode show that pushers (γ 2 < 0) with smaller values of γ 3 < 0 can generate flow fields toward the swimmer (like pullers) which helps in approaching targets. On the other hand, pullers (γ 2 > 0) with bigger values of γ 3 > 0 generate currents around the swimmer which move the target away from the swimmer like pushers without B 3 mode.
Discussion
We have studied the approach of spheres to understand the viscous constraints on the approach of microorganisms to target particles. The swimmer starts at a separation of 10 swimmer radii (d 0 = 10r s ) from the target. As a metric, we calculated the total distance travelled by the swimmer until it approaches within a hundredth of the swimmer radius of the target (d = 0.01r s ). We use this finite cutoff due to the no-collision paradox, since in many situations actual physical contact would require infinite time, and we expect that at small distances physics outside of continuum hydrodynamics would take over between swimmer and target. For example, diffusion via Brownian motion could allow contact between particles. To estimate when such diffusion becomes as important as hydrodynamic approach, consider the timescales needed for a target particle to diffuse by the cutoff distance, t diff = d 2 /(2D), where D = 2k B T/(6πκr t ) is the diffusion constant. If t diff is shorter than the advective Strength and direction of the generated current around the swimmer depends on the strength of the different modes.
timescale t adv = d/V, where V is a typical swimming velocity, then diffusion will be more important than hydrodynamics. For a marine bacterium (r s ≈ 1 µm, V ≈ 100 µm s −1 ) and at our cutoff distance (d = 0.01r s ), t diff /t adv ≈ 4(r t /r s ), so diffusion becomes important for target particles less than about 250 nm in size. For smaller particles, one should only apply our viscous constraints on approach to a larger cutoff distance. Similar estimates for a typical ciliate (r s ≈ 100 µm, V ≈ 1000 µm s −1 ) or a copepod appendage (r s ≈ 10 µm, V ≈ 10 mm s −1 (Koehl & Strickier 1981) ) find that t diff /t adv ≈ 20 000(r t /r s ), so hydrodynamic effects dominate for even smaller targets. However, it should be noted that our criterion underestimates the importance of diffusion since it does not take into account the fact that at such small separations, t adv = d/V is a severe underestimate of approach times precisely because of the viscous effects described in this paper.
First, we modified the exact solution for two spheres with no-slip boundary conditions in bispherical coordinates obtained by Stimson & Jeffery (1926) to investigate a 'swimmer' sphere pushed by constant force towards a target sphere. We found that hydrodynamic constraints prevent the approach of swimmers to smaller target particles, but allow approach to similar-and larger-sized targets. Qualitatively similar results were obtained for a more realistic numerical model of a force-free spherical cell pushed by a rotating flagellum. The similarity between these results arises from the fact that in both cases the propulsion is localized.
These hydrodynamic constraints on approach can be evaded by microorganisms using distributed modes of propulsion. To demonstrate this, we investigated the maximally distributed propulsion of squirmer-type swimmers. For a spherical squirmer approaching a spherical target, analytic results for approach can be obtained using bispherical coordinates. The results show that for these models, the feasibility of approach depends on the near-field flows around the swimmer. For squirmers with only the first two modes of tangential surface velocity, we find that puller-type squirmers generate feeding currents that pull particles towards the swimmer, and make approach to any size target particle feasible. On the other hand, strong enough pusher-type squirmers can only approach similar-or larger-sized targets. In general, however, the near-field flows can be controlled by details of the swimmer stroke lying beyond the pusher/puller categorization. In our model, we showed that adding a third mode can make it feasible for pushers, and infeasible for pullers, to approach smaller targets. Thus, unlike swimmers with localized propulsion, swimmers with distributed propulsion (including multiple appendages) have the ability to control approach feasibility.
Our results are broadly consistent with biological observations. Feasibility of the direct approach for a bigger or similar sizes of the target particles even for localized propulsion is demonstrated by bacterial conjugation, mating, fertilization of an egg by sperm. On the other hand, direct approach to smaller prey particles by localized propulsion is difficult, and in these cases microorganisms use other strategies to capturing small food particles. Our squirmer results indicate the importance of feeding currents for prey capture, and point out that feeding currents can be generated by propulsive strokes as well as via non-locomotory behaviour. In addition to feeding currents, our results also shed light on the use of appendages or filters to manipulate or capture smaller target particles (Riisgård & Larsen 2010 ). An appendage or filtration element could be viewed as an object pushed by an external force (exerted by the rest of the organism) towards a target; thus manipulation or filtration can be successful only if the appendage or filtration element is similar in size or smaller than the target particles.
Our models were limited to relatively simple spherical geometries and head-on approach. Future work could address issues arising from relaxing these conditions. Even though some organisms are quite close to spherical ciliated organisms (Ishikawa et al. 2006) , there are many organisms with non-spherical ciliated geometries. For instance, Opalina and Paramecium are more likely to be ellipsoidal than spherical (Lauga & Powers 2009) and employing an ellipsoidal squirmer model can describe their behaviour more appropriately (Theers et al. 2016) . Distributed propulsion is not restricted to ciliates. Organisms such as copepods can use multiple appendages to generate propulsion as well as currents to pull and manipulate small particles (Kiørboe et al. 2014) . While the zero Reynolds number assumption of the presented work can approximate manipulation of particles by copepod appendages, inertial effects which are not included in this study may need to be incorporated for direct interaction of copepod bodies and target particles (Li et al. 2016) .
Although the calculations presented here apply only to direct approach along the centrelines of the spheres, numerical analyses similar to ours could be suitable for studying approach and interactions with more complicated geometries or from different directions, including rotational motions (Ishimoto, Cosson & Gaffney 2016) . Trapping dynamics (Spagnolie et al. 2015; Desai, Shaik & Ardekani 2018) may become important for these geometries. Finally, understanding the hydrodynamics of near-contact interactions with swimmers is also important for understanding the enhanced diffusion of particles in suspensions of active swimmers (Jeanneret et al. 2016 ) which can depend on close approach.
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Appendix A. Analytical model for approaching spheres -localized propulsion For Stokes flow, the flow velocity field can be described as the curl of a vectorial streamfunction ψ that satisfies the biharmonic equation, ∇ 4 ψ = 0. For a flow axisymmetric in the angular coordinate φ (corresponding to rotation angle about the z axis, figure 1a) , ψ can be expressed in terms of a scalar ψ, as ψ = ψe φ , and the components of the velocity field in the cylindrical coordinate system are
)
For two interacting spheres, it is convenient to use the bispherical coordinate system (ξ , η, φ) (figure 1a), for which the general solution was given by Stimson & Jeffery (1926) as
where µ = cos η and A n , B n , C n , and D n are real constants determined by boundary conditions. The notation V n (µ) = P n−1 (µ) − P n+1 (µ) is used for combinations of Legendre functions P n (µ) that satisfy the differential equation
The relations between the cylindrical coordinates (ρ, z, φ) and bispherical coordinates (ξ , η, φ) are (figure 1a),
where c is a real positive constant and surfaces of constant ξ are non-intersecting spheres centred at z = c coth ξ with radius a = c|csch ξ |. We assume that the swimmer with ξ = α > 0 and radius r s is approaching the target particle with ξ = β < 0 and radius r t as shown in figure 1(b) . Using the above, consider two spheres centred at (A 5a−c)
Defining the target : swimmer size ratio by r = r t /r s and x = 1 + d/r s , equations (A 5) can be solved for α, β and c,
Stimson and Jeffery studied the translation of two spheres moving along their common centreline with the same velocity. Here, we present analogous results for two spheres translating along their common diameter (in the z-direction) with arbitrary velocities V s and V t for the swimmer and target, respectively. In cylindrical coordinates, the no-slip boundary conditions at the surface of the spheres are
on the swimmer, and ∂ψ ∂z = 0,
on the target. These boundary conditions can be rewritten in the bispherical coordinate system as (Stimson & Jeffery 1926) 
on the swimmer, and
on the target. Using these four equations (A 9) and A 10) for the boundary conditions at the surface of the spheres (ξ = α and ξ = β) and evaluating the streamfunction (A 2) at the surface of spheres one can determine the unknown coefficients A n , B n , C n , D n for each n by solving the system of linear equations
Forces on the swimmer (F s ) and target particle (F t ) are determined by integrating the stress tensor over the surface of the spheres which, as shown by Stimson & Jeffery (1926) , results in
where κ is the viscosity of the fluid. Coefficients A n , B n , C n and D n are linear in the velocities V s and V t in (A 11). Therefore, we can find a 2 × 2 resistance matrix (R) that relates forces on the swimmer and target spheres to their velocities, [F s ;
Coefficients A n , B n , C n and D n decay exponentially in α and β and the sums in (A 13) converge rapidly for large separations. However, as the separation decreases more terms are required (Cox & Brenner 1967 ) to achieve accurate results. For our numerical evaluations we continue to calculate terms until the last term is less than 10 −15 of the sums for the forces.
Appendix B. Numerical model for flagellated microswimmers
We assume a rigid helical flagellar filament with filament radius a f , helical radius R f , and helical pitch P f (numerical values in table 1), oriented in the z-direction. The centreline of the flagellar filament is a helix with a taper such that it smoothly attaches to the hook (Ramia et al. 1993; Hyon et al. 2012) given by
The Stokes flow field external to the surface of the cell body, target particle and flagellar filament is expressed in integral form by
Indices c, t and f stand for the cell body, target sphere and flagellar filament respectively. The first two terms on the right-hand side of (B 2) are BEM contributions to the velocity from the surfaces of the cell body (A c ) and target (A t ) spheres, where u and q are the velocity field and traction force of the flow, respectively, Flagellar filament Cell body Flagellar pitch Filament radius Helical radius Axial length Radius
1.58 0.035 0.14 2.97 1 TABLE 1. Dimensions of the cell body and flagellar filament used for numerical simulations (Constantino et al. 2016) .
is the Oseen tensor for a Stokeslet flow, and
· n is its associated traction field for a surface with unit outward normal n. I is the identity matrix. The last term on the right-hand side of (B 2) is the SBT contribution to the flow coming from the centreline of the flagellar filament C f with filament radius a f , where D is the Stokeslet dipole, f f is the force distribution on C f and (I − tt) · f f is the component of the force perpendicular to the tangent of the centreline t.
The total forces F m and torques T m on the cell body and target sphere (m = {c, t}), and the total force F f and torque T f on the flagellar filament are
The boundary conditions are given by
where V m and Ω Ω Ω m are the translational and rotational velocities of the cell body or target sphere identified by index m, ω ω ω f is the relative rotational velocities of the flagellar filament with respect to the cell body and x m are the centres of the cell body or target sphere.
To evaluate the first two terms of the right-hand side of (B 2), we discretize the surface of the cell body and target sphere into M c and M t , respectively, distinct triangular surface elements. Assuming a constant traction q or velocity u on each element, the integrals in (B 2) are numerically evaluated using 27 Gaussian quadrature points (Dunavant 1985) for non-singular elements. We use an analytical approach to remove the singularity in the integrand of (B 2) when points x and x are on the same triangular element, by subdividing into triangular elements for which x is on vertex of subelements (Pozrikidis 2002) . To evaluate the last term in (B 2), we discretize the slender flagellar filament into M f straight rods of length δs and assume constant force f f over each segment (Higdon 1979) . For one segment, the result of the integral can be evaluated analytically (see equation 13 of Higdon (1979) ).
We evaluate (B 2) at collocation points at the centroid of areal elements or segments, so that there are a total of (M c + M t + M f ) collocation points. The result is a 3(M c + M t + M f ) system of linear algebraic equations written in matrix form as
where I, 0 are identity and zero matrices. Here we use a compact notation such that (for example) u c and f c are 3M c -vectors containing all three components of the velocity or force at each of the M c collocation points on the cell body. The matrices S mn (m = {t, c, f }, n = {t, c}) are each a M m × M n block matrix of 3 × 3 submatrices; where each submatrix comes from the evaluation of the integral (1/A) A S(x − x ) dA(x ) contributing to the velocity at a collocation point on sphere or filament m due to an element on sphere or filament n with area A. The matrices H mn (m = {t, c, f }, n = {t, c}) are each a M m × M n block matrix of 3 × 3 submatrices; where each submatrix comes from the evaluation of the integral (1/A) A H(x − x ) dA(x ) contributing to the velocity at a collocation point on sphere or filament m due to an element on sphere n with area A. The matrices K mf (m = {t, c, f }) are each a M m × M f block matrix of 3 × 3 submatrices; where each submatrix comes from the evaluation of the integral (1/δs) δs S(x − x ) − a 2 f D(x − x)(I − tt) dA(x ) contributing to the velocity at a collocation point on sphere or filament m due to a segment of the filament n with length δs.
We consider a force-free swimmer with prescribed relative rotation rate for the flagellum (ω ω ω f ) approaching a force-free target sphere. Thus, the force and torque conditions of the swimmer and target particle are
The velocity boundary conditions (B 4) and force conditions (B 6) can also be written in matrix form (Martindale, Jabbarzadeh & Fu 2016) ,
where L is a 6 × 3(M c + M f + M t ) matrix as described in Martindale et al. (2016) which allows us to represent the velocity at the collocation points on the surfaces in terms of the translational and rotational velocities. In the last term of (B 7a), ω ω ω f × (x − x c ) is the prescribed rotation of collocation points on the flagellum. The force and torque conditions (B 6) give 12 equations to be solved for 12 unknown components of the translational and rotational velocities (V c , Ω Ω Ω c , V t , Ω Ω Ω t ) in (B 7). To allow direct comparison with the analytical model, at each time step the prescribed rotation rate is adjusted so that the magnitude of F f is equal to the propulsion force F in § 2. Note that we characterize the approach of a swimmer to targets using the kinematic parameter S, which is independent of choice of force F or rotation rate of the flagellum. Integrating these velocities using a fourth-order Runge-Kutta method yields trajectories of the swimmer and target particle.
The accuracy of the SBT depends on the slenderness parameter and total number of segments on the flagellar filament as described in (Jabbarzadeh, Hyon & Fu 2014; Martindale et al. 2016) . We discretize the flagellar filament into 140 segments with slenderness parameter δs/a f = 10. In addition, we use adaptive discretization for the surface of the cell body and target particle to accurately capture hydrodynamic interactions when spheres are close or the size ratio is small (figure 3a). For separations d/r s > 0.5, the surface of the swimmer and target sphere is divided into 284 nearly equal-size triangles. When d/r s 0.5, the elements near the contact region are refined to smaller triangular elements such that the gap distance is always 5 times greater than the smallest element on the surfaces as shown in figure 3(a) . The maximum number of surface elements on each sphere used in this study is 3521 for the minimum separation of d/r s = 0.01.
we have
where U n = ∂U n /∂ξ and in (C 8)-(C 20), U n and U n are evaluated at ξ = α. To solve this, we perform Taylor-Legendre expansions on the right-hand side of (C 8) and (C 9) as
In a Taylor-Legendre expansion, any piecewise smooth function f (x) on [−1, 1] can be expressed as a series in P n (ξ ) and V n (ξ )
f (x) = ∞ n=0 a n P n (x), (C 11) with a n determined by a n = 2n + 1 2
Thus, to find E n and F n , we must evaluate (C 12) using the following relations xf (x) = ∞ n=0 n 2n − 1 a n−1 + n + 1 2n + 3 a n+1 P n (x) (C 13b)
(1 − x 2 )f (x) = ∞ n=0 n(n + 1) 2n + 1 a n−1 2n − 1 + a n+1 2n + 3 V n (x) (C 13c)
n(n + 1) 2n + 1 (n − 1)a n−1 (2n − 1)(2n − 3) + a n (2n − 1)(2n + 3) − (n + 2)a n+2 (2n + 5)(2n + 3) V n (x) (C 13d)
(1 − x 2 )P n (x) = (n + 1)(n + 2) (2n + 1)(2n + 3) V n+1 − n(n − 1) (2n + 1)(2n − 1) V n−1 . (C 13e)
Other necessary integrals can be derived from this equation by differentiation with respect to ξ . We find E n and F n as, Equations (C 8) and (C 9) then yield recurrence relations for U n and U n , 3 2 sinh(α)U n − cosh(α)U n + n 2n + 1 U n+1 + n + 1 2n + 1 U n−1 = E n (α), (C 19) (n + 5 2 )U n+1 + (n − 3 2 )U n−1 − cosh(α)(2n + 1)U n = F n (α).
(C 20)
We calculate U n (ξ = α) and U n (ξ = α) from (C 19) and (C 20), and after some simplification, can write U n (ξ = α) = −kU (2n + 3)e −(n−1/2)α − (2n − 1)e −(n+3/2)α (C 21) U n (ξ = α) = UH n (α) + G n (α), (C 22) where the expressions H n (α) and G n (α) can be found from recurrence relation (C 19) but are not illuminating to write down explicitly. Therefore, (A 11) that determine the coefficients A n , B n , C n , D n are altered, with (A 11a,b) replaced by A n cosh(n − )α] = UH n (α) + G n (α), (C 23b) while (A 11c,d) remain unaltered. Equations (C 23) describe the motion of the squirmer with translational swimming speed U, while (A 11c,d) describe the motion of the target sphere with no-slip boundary conditions on the surface translating with velocity V t . As before, the force (F s ) on the swimmer (ξ = α > 0) and force (F t ) on the target sphere (ξ = β < 0) can be calculated by (A 13). The swimmer and target sphere are both assumed to be force free (F s = 0 and F t = 0). Given sphere radii r s and r t and their separation d, the quantities c, α and β in the bispherical coordinate system are obtained using (A 5). Specification of the problem is completed by the squirmer mode strengths B 1 , B 2 and B 3 . The parameters γ 2 and γ 3 determine B 2 and B 3 , respectively, relative to B 1 . With γ 2 and γ 3 fixed, B 1 does not have to be specified since our results for the kinematic parameter S do not depend on B 1 . Equations (C 23a,b) and (A 11c,d) are linear in the translational velocities U and V and parameters B 1 , B 2 and B 3 for the swimmer and target sphere. Therefore we can relate the forces to the velocities and parameters via
where R and B are 2 × 2 and 2 × 3 matrices that depend on the separation d between spheres (in addition to the sphere sizes). For given mode strengths B 1 , B 2 and B 3 , we solve (C 24) under the force-free conditions to obtain the translational velocities U and V t , then integrate them to find the trajectories of the spheres starting from an initial separation d 0 .
